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We investigate the Standard Model in the nearly conformal limit, in which conformal symmetry is broken
only by the dilatation anomaly, through a hierarchy of anomalous Ward identities for the divergence of
its dilatation current. In this approximation, the identities allow to extract the coupling of the dilaton
to the trace anomaly, which we compute up to the quartic order in the conformal breaking scale. Our
approach can be easily extended to discuss the anomaly contributions to the dilaton effective action
to an arbitrarily high order. They allow to make a distinction between the Higgs and a dilaton at a
phenomenological level.
© 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
The possibility that the Standard Model be characterized at
high energy by a nearly conformal dynamics has motivated sev-
eral investigations spanning considerable time [1–5]. If not for a
quadratic term present in the Higgs potential, the model would in
fact enjoy a dilatation symmetry which is broken by the vev of the
Higgs ﬁeld in the process of spontaneous symmetry breaking.
A dilaton couples to the trace of the energy–momentum tensor
(EMT) Tμμ , and the coupling is affected by a trace anomaly. The
trace anomaly equation plays a key role in characterizing the dy-
namics of the dilaton interactions, with a breaking of the dilatation
symmetry which is enforced by two different contributions.
They can be easily identiﬁed from the structure of the corre-
sponding Ward identity satisﬁed by the dilaton (ρ)V V vertex [6],
with V denoting a neutral (or charged) vector current, but also
of higher vertices, such as the cubic and quartic dilaton interac-
tions, which are part of the dilaton effective action. One speciﬁc
contribution is the coupling of the dilaton to the anomaly, the
second one being related to explicit mass terms generated at the
electroweak scale. In fact, the basic trace anomaly equation which
takes the role of the generating functional of all the Ward identi-
ties satisﬁed by the dilaton vertices is given by
gμν(z)
〈
Tμν(z)
〉=A(z, gαβ) + 〈Tμν(z)〉, (1)
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Open access under CC BY license.with 〈 〉 denoting a functional average, where the anomalous
(A(z, gαβ)) and the explicit (〈Tμν(z)〉) contributions are clearly
separated. gαβ denotes the generic background metric which char-
acterizes the anomalous contribution and which will be discussed
in more detail below, when we will take the ﬂat background limit.
Gravity, in this case, plays simply an auxiliary role, since one takes
the ﬂat limit in all the hierarchical Ward identities which are ob-
tained from (1) after the functional differentiations.
The goal of this work is to stress on some speciﬁc features of
the dilaton effective action which follow up from (1) and which are
related to the anomalous structure of the anomalous contributions.
In particular, in a nearly conformal phase of the Standard Model,
which can be approximated by an exact SU(3) × SU(2) × U (1)Y
gauge theory, cubic and quartic contributions to the dilaton dy-
namics are essentially ﬁxed by the anomaly and can be extracted,
with some effort, from a diagrammatic analysis of (1) expanded up
to the fourth order in the metric. This is the approach that we will
be following in our case and on which we are going to elaborate.
In particular we will present the expressions of such contributions.
These interactions set a key distinction between a Higgs and a dila-
ton at all orders, being the Higgs not affected by the scale anomaly,
and can provide the basis for a direct phenomenological analysis of
possible dilaton interactions at the LHC.
2. Anomalous interactions from the Ward identities
To illustrate the role of the anomaly in a more direct way and
its possible signiﬁcance in setting a distinction between the Higgs
and the dilaton, we recall that the interaction Lagrangian of the
dilaton ρ with the Standard Model ﬁelds is given by
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Λρ
ρTμμ, (2)
where Λρ is the conformal breaking scale which remains a free
parameter of the effective action. We introduce the ordinary deﬁni-
tion of the energy–momentum tensor (EMT) of the Standard Model
Tμν(z) = − 2√
gz
δS
δgμν(z)
, (3)
in terms of the quantum action S , so that its quantum average is
〈
Tμν(z)
〉= 2√
gz
δW
δgμν(z)
(4)
(with det gμν(z) ≡ gz) where W is the Euclidean generating func-
tional of the theory. W depends, in general, from the background
metric gμν(x) deﬁned as
W = 1N
∫
DΦ e−S . (5)
The identiﬁcation of the anomaly contributions to the dilaton
interaction, on general grounds, requires an analysis of the anoma-
lous Ward identities satisﬁed by the respective correlators. In this
work we will concentrate on the extraction of the anomalous con-
tribution to the quartic dilaton interactions, using as a fundamen-
tal scenario the Standard Model in the unbroken phase (i.e. with
v → 0).
In this approximation explicit trace insertions vanish for on-
shell massless ﬁnal states (i.e. for gauge ﬁelds), and we neglect all
the contributions related both to the Higgs and to virtual correc-
tions with a massive dilaton in the loops. In the same limit all the
mixing contributions related to a possible term of improvement
are not present [6] and the computation of the anomalous terms
amounts to the extraction of some ﬁnite parts.
Explicit (i.e. non-anomalous) corrections, also present in the
fundamental Ward identity, are calculable, but they are model de-
pendent. In fact, they require the introduction of some extra poten-
tial for the dilaton/Higgs system. Its form has necessarily to rely
on extra assumptions, such as the speciﬁc choice of breaking of
the conformal symmetry. They are obtained by inserting the trace
(T ≡ Tμμ) operator on generic correlators involving all the ﬁelds
of the Standard Model (plus other dilaton lines). In the conformal
limit such contributions, which have been discussed in [6] in the
case of a single dilaton, drop out and the computations simplify
considerably.
In this approximation the breaking of the dilatation symmetry
does not contain any explicit scale-dependent term, and it is only
due to the anomaly, which is induced by renormalization. We call
this approximation “nearly conformal”.
As we have pointed out before [6], the breaking of the dilata-
tion symmetry shows up, at a perturbative level, with the appear-
ance of a massless pole in the J D V V correlator in the neutral and
charged current sectors of the theory, with a residue which is pro-
portional to a speciﬁc beta-function of the theory, related to the
ﬁnal state. This takes the role of a Nambu–Goldstone mode of the
broken dilatation symmetry and it has been shown to affect each
gauge invariant sector of the dilaton-to-two gauge bosons matrix
elements.
To extract the anomalous contributions of the higher order in-
teractions shown in Fig. 1 we start from the explicit expression of
the anomaly, which in d = 4 is given by [7,8]
A(z, gαβ) =
∑
I= f ,s,V
nI
[
βa(I)F (z) + βb(I)G(z) + βc(I)R(z)
+ βd(I)R2(z)
]
. (6)Fig. 1. Cubic and quartic dilaton interactions. In the nearly conformal limit the com-
putation of the interactions involves virtual scalars, spin 1 and fermion exchanges.
Table 1
Anomaly coeﬃcients for a conformally coupled scalar, a Dirac fermion and a vector
boson.
I βa(I) × 2880π2 βb(I) × 2880π2 βc(I) × 2880π2
S 32 − 12 −1
F 9 − 112 −6
V 18 −31 −12
A(z, gαβ) contains the invariants built out of the Riemann ten-
sor, Rαβγ δ , as well as the Ricci tensor Rαβ and the scalar curva-
ture R . G and F in Eq. (6) are the Euler density and the square of
the Weyl tensor respectively.
They are given by
F = Rαβγ δRαβγ δ − 2Rαβ Rαβ + 1
3
R2 (7)
and
G = Rαβγ δRαβγ δ − 4Rαβ Rαβ + R2, (8)
with coeﬃcients βa , βb , βc and βd which depend on the ﬁeld
content of the Lagrangian (fermion, scalar, vector) and we have a
multiplicity factor nI for each particle species.
The coeﬃcient of R2 must vanish identically (βd ≡ 0) since a
non-zero R2 in this basis cannot be obtained from any effective
action. In addition, the value of βc is regularization dependent, cor-
responding to the fact that it can be changed by the addition of an
arbitrary local R2 term in the effective action. The values given in
Table 1 are those obtained in dimensional regularization, in which
the relation βc = −2/3βa is found to hold. Thus only βa and βb
correspond to true anomalies in the trace of the EMT. In Table 1
we list the values of the coeﬃcients for three theories of spin 0, 12 ,
1, that we are going to consider in the Letter. In terms of the gen-
erating functional the fundamental trace anomaly equation can be
rewritten in the form
2gμν(z)
δW
δgμν(z)
= √gzA(z, gαβ) (9)
and plays the role of a generating functional for the anomalous
Ward identities of any underlying Lagrangian ﬁeld theory being,
therefore, model independent. From (9) we can extract several
identities satisﬁed by the anomaly term, for correlators involving
n insertions of energy–momentum tensors, by performing n func-
tional derivatives with respect to the metric of both sides of (9)
and taking the trace of the result at the end.
3. EMT’s and correlators
In perturbation theory, imposing the conservation Ward iden-
tity for the EMT and the Ward identities for the vector cur-
rents — whenever these are present — it is suﬃcient to obtain
the corresponding anomalous term from the complete diagram-
matic expansion. In particular, in dimensional regularization, the
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a demanding job.
In the case of the T V V , for instance, it is a common prac-
tice to perform a direct computation, since only one term
(∼Faμν(z)Faμν(z)) can appear in the anomaly. We have omitted
it in (6), since our analysis is focused on the anomaly-induced
radiative corrections to correlators involving only dilaton self-
interactions. A general discussion of contributions containing neu-
tral currents (the T V V vertex) has been given in [9,6] in the
Standard Model and in [10,11] for QED. However, things are far
more involved for vertices containing multiple insertions of EMT’s,
such as the T T T and T T T T , and it is convenient to infer the struc-
ture of the anomalous corrections without having to perform a
complete diagrammatic analysis. In any case, a successful test of
the anomalous Ward identities is crucial in order to secure the
correctness of the result of the computation.
As mentioned above, in the nearly conformal limit of the Stan-
dard Model, we will need to consider a scalar, an abelian vector
and fermion theory coupled to a background gravitational ﬁeld. In
fact the nonabelian character of the theory is not essential in the
study of the higher order terms to the dilaton effective action. In
this case we can reconstruct the entire contribution to the anomaly
from the abelian case by correcting the abelian result just by one
extra multiplicity factor.
We will be using Euclidean conventions for the generating func-
tional. The energy–momentum tensors for the theories that we
consider are
Tμνφ = ∇μφ∇νφ −
1
2
gμν gαβ∇αφ∇βφ
+ χ
[
gμν− ∇μ∇ν + 1
2
gμν R − Rμν
]
φ2, (10)
Tμνψ =
1
4
[
gμλVα
ν + gνλVαμ − 2gμνVαλ
]
× [ψ¯γ a(Dλψ) − (Dλψ¯)γ aψ], (11)
TμνA = Fμα F να −
1
4
gμν Fαβ Fαβ, (12)
where Vαν is the vierbein needed to embed the fermion in the
gravitational background and the corresponding covariant deriva-
tive is Dμ = ∂μ +Γμ = ∂μ + 12ΣαβVασ∇μVβσ where the Σαβ are
the generators of the Lorentz group in the case of a spin 1/2-ﬁeld.
It is convenient to deﬁne the correlation functions with n ex-
ternal insertions of EMT’s, which can be effectively thought as
gravitons, as functional derivatives of order n of W , evaluated in
the ﬂat limit
〈
Tμ1ν1(x1) · · · Tμnνn(xn)
〉
=
[
2√
gx1
· · · 2√
gxn
δnW
δgμ1ν1(x1) · · · δgμnνn(xn)
]∣∣∣∣
gμν=δμν
= 2n δ
nW
δgμ1ν1(x1) · · · δgμnνn(xn)
∣∣∣∣
gμν=δμν
. (13)
We also deﬁne the notation
[F]μ1ν1μ2ν2···μnνn (x1, x2, . . . , xn)
≡ δ
nF
δgμ1ν1(x1)δgμ2ν2(x2) · · · δgμnνn(xn)
∣∣∣∣
gμν=δμν
, (14)
for any functional (or function) F which depends on the back-
ground ﬁeld gμν(x). Denoting with
〈O〉 =
∫
DΦO e−S (15)the vacuum expectation values of each operator, with S the
generic action, we obtain
〈
Tμν(x)
〉= −2〈[S]μν(x)〉, (16)〈
Tμ1ν1(x1)T
μ2ν2(x2)
〉
= 4[〈[S]μ1ν1(x1)[S]μ2ν2(x2)〉− 〈[S]μ1ν1μ2ν2(x1, x2)〉], (17)〈
Tμ1ν1(x1)T
μ2ν2(x2)T
μ3ν3(x3)
〉
= 8[−〈[S]μ1ν1(x1)[S]μ2ν2(x2)[S]μ3ν3(x3)〉
+ (〈[S]μ1ν1μ2ν2(x1, x2)[S]μ3ν3(x3)〉+ 2perm.)
− 〈[S]μ1ν1μ2ν2μ3ν3(x1, x2, x3)〉], (18)〈
Tμ1ν1(x1)T
μ2ν2(x2)T
μ3ν3(x3)T
μ4ν4(x4)
〉
= 16[〈[S]μ1ν1(x1)[S]μ2ν2(x2)[S]μ3ν3(x3)[S]μ4ν4(x4)〉
− (〈[S]μ1ν1μ2ν2(x1, x2)[S]μ3ν3(x3)[S]μ4ν4(x4)〉+ 5perm.)
+ (〈[S]μ1ν1μ2ν2(x1, x2)[S]μ3ν3μ4ν4(x3, x4)〉+ 2perm.)
+ (〈[S]μ1ν1μ2ν2μ3ν3(x1, x2, x3)[S]μ4ν4(x4)〉+ 3perm.)
− 〈[S]μ1ν1μ2ν2μ3ν3μ4ν4(x1, x2, x3, x4)〉]. (19)
Notice that in dimensional regularization
〈[S]μν(x)〉= 〈[S]μ1ν1μ2ν2(x1, x2)〉= 〈[S]μ1ν1μ2ν2μ3ν3(x1, x2, x3)〉
= 〈[S]μ1ν1μ2ν2μ3ν3μ4ν4(x1, x2, x3, x4)〉= 0 (20)
being proportional to massless tadpoles. In particular, this implies
that, to perform a perturbative computation of a correlator of or-
der n, one would be needing interaction vertices with at most n−1
gravitons. Concerning the diagrammatic structure of each contribu-
tion, the correlator
〈[S]μ1ν1(x1)[S]μ2ν2(x2)[S]μ3ν3(x3)[S]μ4ν4(x4)〉 (21)
has a box topology;
〈[S]μ1ν1(x1)[S]μ2ν2(x2)[S]μ3ν3(x3)〉 (22)
which is the ﬁrst contribution to the graviton 3-point function, and
〈[S]μ1ν1μ2ν2(x1, x2)[S]μ3ν3(x3)[S]μ4ν4(x4)〉, (23)
which corresponds to a contact term in 〈T T T T 〉, are represented
by triangles.
The remaining contributions,
〈[S]μ1ν1(x1)[S]μ2ν2(x2)〉, (24)
the contact terms 〈T T T 〉, which are
〈[S]μ1ν1μ2ν2(x1, x2)[S]μ3ν3(x3)〉 (25)
and the two remaining types of diagrams which enter into
〈T T T T 〉,
〈[S]μ1ν1μ2ν2(x1, x2)[S]μ3ν3μ4ν4(x3, x4)〉 (26)
and
〈[S]μ1ν1μ2ν2μ3ν3(x1, x2, x3)[S]μ4ν4(x4)〉, (27)
have the topologies of 2-point functions. Our conventions for the
choice of the external momenta are deﬁned via the Fourier trans-
forms
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d4x1 d
4x2 d
4x3 d
4x4
〈
Tμ1ν1(x1)T
μ2ν2(x2)T
μ3ν3(x3)T
μ4ν4(x4)
〉
× e−i(k1·x1+k2·x2+k3·x3+k4·x4)
= (2π)4δ(4)(k1 + k2 + k3 + k4)
× 〈Tμ1ν1 Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k2,k3,k4), (28)
and similar for the 3- and 2-point functions. We will be taking all
momenta to be incoming.
4. Ward identities
We start from the analysis of the general covariance Ward iden-
tities. These are obtained from the functional relation
∇ν1
〈
Tμ1ν1(x1)
〉= ∇ν1
(
2√
gx1
δW
δgμ1ν1(x1)
)
= 0 (29)
which after an expansion becomes
2√
gx1
(
∂ν1
δW
δgμ1ν1(x1)
− Γ λλν1(x1)
δW
δgμ1ν1(x1)
+ Γ μ1κν1(x1)
δW
δgκν1(x1)
+ Γ ν1κν1(x1)
δW
δgμ1κ (x1)
)
= 0. (30)
Cancelling the second and fourth terms in parentheses, (30) takes
the simpler form
2
(
∂ν1
δW
δgμ1ν1(x1)
+ Γ μ1κν1(x1)
δW
δgκν1(x1)
)
= 0. (31)
The Ward identities we are interested in are obtained by functional
differentiation of (31) and give
4
[
∂ν1
δ2W
δgμ2ν2(x2)δgμ1ν1(x1)
+ δΓ
μ1
κν1(x1)
δgμ2ν2(x2)
δW
δgκν1(x1)
+ Γ μ1κν1(x1)
δ2W
δgμ2ν2(x2)δgκν1(x1)
]
= 0 (32)
for single,
8
[
∂ν1
δ3W
δgμ3ν3(x3)δgμ2ν2(x2)δgμ1ν1(x1)
+ δΓ
μ1
κν1(x1)
δgμ2ν2(x2)
δ2W
δgμ3ν3(x3)δgκν1(x1)
+ δΓ
μ1
κν1(x1)
δgμ3ν3(x3)
δ2W
δgμ2ν2(x2)δgκν1(x3)
+ δ
2Γ
μ1
κν1(x1)
δgμ2ν2(x2)δgμ3ν3(x3)
δW
δgκν1(x1)
+ Γ μ1κν1(x1)
δ3W
δgμ2ν2(x2)δgμ3ν3(x2)δgκν1(x1)
]
= 0 (33)
double, and
16
[
∂ν1
δ4W
δgμ4ν4(x4)δgμ3ν3(x3)δgμ2ν2(x2)δgμ1ν1(x1)
+
(
δΓ
μ1
κν1(x1)
δgμ2ν2(x2)
δ3W
δgμ4ν4(x4)δgμ3ν3(x3)δgκν1(x1)
+ (2 ↔ 4,2 ↔ 3)
)
+
(
δ2Γ
μ1
κν1(x1)
δg (x )δg (x )
δ2W
δg (x )δg (x )μ3ν3 3 μ2ν2 2 μ4ν4 4 κν1 1+ (2 ↔ 4,3 ↔ 4)
)
+ δ
3Γ
μ1
κν1(x1)
δgμ4ν4(x4)δgμ3ν3(x3)δgμ2ν2(x2)
δW
δgκν1(x1)
+ Γ μ1κν1(x1)
δ4W
δgμ4ν4(x4)δgμ3ν3(x3)δgμ2ν2(x2)δgκν1(x1)
]
= 0
(34)
triple differentiations of the master equation (29). In the Ward
identity satisﬁed by the 4-point function we have left implicit the
contributions obtained by permuting the action of the functional
derivatives.
To move to the ﬂat spacetime limit of (32) and (33), we use
the notations in (14) and set to zero the contributions from the
massless tadpoles, obtaining
∂ν1
〈
Tμ1ν1(x1)T
μ2ν2(x2)
〉= 0, (35)
∂ν1
〈
Tμ1ν1(x1)T
μ2ν2(x2)T
μ3ν3(x3)
〉
= −2[Γ μ1κν1(x1)]μ2ν2(x2)〈T κν1(x1)Tμ3ν3(x3)〉
− 2[Γ μ1κν1(x1)]μ3ν3(x3)〈T κν1(x1)Tμ3ν3(x3)〉, (36)
∂ν1
〈
T κν1(x1)T
μ2ν2(x2)T
μ3ν3(x3)T
μ4ν4(x4)
〉
= −2([Γ μ1κν1(x1)]μ2ν2(x2)〈T κν1(x1)Tμ3ν3(x3)Tμ4ν4(x4)〉
+ (2 ↔ 3,2 ↔ 4))
− 4([Γ μ1κν1(x1)]μ2ν2μ3ν3(x2, x3)〈T κν1(x1)Tμ4ν4(x4)〉
+ (2 ↔ 4,3 ↔ 4)), (37)
which after some manipulations give the transversality constraint
for the 2-point functions and
k1ν1
〈
Tμ1ν1 Tμ3ν3 Tμ2ν2
〉
(k2,k3)
= −kμ13
〈
Tμ3ν3 Tμ2ν2
〉
(k2) − kμ12
〈
Tμ2ν2 Tμ3ν3
〉
(k3)
+ k3ν1
[
δμ1ν3
〈
T ν1μ3 Tμ2ν2
〉
(k2) + δμ1μ3
〈
T ν1ν3 Tμ2ν2
〉
(k2)
]
+ k2ν1
[
δμ1ν2
〈
T ν1μ2 Tμ3ν3
〉
(k3) + δμ1μ2
〈
T ν1ν2 Tμ3ν3
〉
(k3)
]
.
(38)
Similarly, in the case of the 4-point function T T T T , using (28) we
obtain
k1ν1
〈
Tμ1ν1 Tμ3ν3 Tμ2ν2 Tμ4ν4
〉
(k2,k3,k4)
= [−kμ12 〈Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k3,k4)
+ k2ν1
(
δμ1ν2
〈
T ν1μ2 Tμ3ν3 Tμ4ν4
〉
(k3,k4)
+ δμ1μ2 〈T ν1ν2 Tμ3ν3 Tμ4ν4 〉(k3,k4))+ (2 ↔ 3,2 ↔ 4)]
+ [2k2ν1([gμ1μ2]μ3ν3 〈T ν1ν2 Tμ4ν4 〉(k4)
+ [gμ1ν2]μ3ν3 〈T ν1μ2 Tμ4ν4 〉(k4))
+ 2k3ν1
([
gμ1μ3
]μ2ν2 〈T ν1ν3 Tμ4ν4 〉(k4)
+ [gμ1ν3]μ2ν2 〈T ν1μ3 Tμ4ν4 〉(k4))
+ (kν32 δμ1μ3 + kμ32 δμ1ν3)〈Tμ2ν2 Tμ3ν3 〉(k4)
+ (kν23 δμ1μ2 + kμ23 δμ1ν2)〈Tμ3ν3 Tμ2ν2 〉(k4)
+ (2 ↔ 4,3 ↔ 4)]. (39)
Similar identities are obtained for the momenta of the other exter-
nal gravitons.
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Coming to a discussion of the counterterms to the 4-dilaton
amplitude, these are obtained from the one-loop Lagrangian which
accounts for the gravitational counterterms to pure graviton am-
plitudes
Scounter = −1

∑
I= f ,s,V
nI
∫
ddx
√
g
(
βa(I)F + βb(I)G
)
, (40)
with  = 4− d, containing the squared Weyl tensor F and the Eu-
ler density, deﬁned above. In the case of the 4-graviton vertex the
counterterm action (40) generates the vertices
−1

(
βaD
μ1ν1μ2ν2μ3ν3μ4ν4
F (x1, x2, x3, x4)
+ βbDμ1ν1μ2ν2μ3ν3μ4ν4G (x1, x2, x3, x4)
)
, (41)
where
Dμ1ν1μ2ν2μ3ν3μ4ν4F (x1, x2, x3, x4)
= 24 δ
4
δgμ1ν1(x1)δgμ2ν2(x2)δgμ3ν3(x3)δgμ4ν4(x4)
×
∫
ddw
√
gF , (42)
Dμ1ν1μ2ν2μ3ν3μ4ν4G (x1, x2,3 , x4)
= 24 δ
4
δgμ1ν1(x1)δgμ2ν2(x2)δgμ3ν3(x3)δgμ4ν4(x4)
×
∫
ddw
√
gG, (43)
and similarly for the 2- and 3-point correlators. The functional
derivation of such integrals, limited to 3-point functions, has been
detailed in [12]. Using these expressions, the fully renormalized
2-, 3- and 4-point correlators in momentum space can be written
down as
〈
Tμ1ν1 Tμ2ν2
〉
ren(k2)
= 〈Tμ1ν1 Tμ2ν2 〉bare(k2) − 1 βaD
μ1ν1μ2ν2
F (k2),〈
Tμ1ν1 Tμ2ν2 Tμ3ν3
〉
ren(k2,k3)
= 〈Tμ1ν1 Tμ2ν2 Tμ3ν3 〉bare(k2,k3)
− 1

(
βaD
μ1ν1μ2ν2μ3ν3
F (k2,k3) + βbDμ1ν1μ2ν2μ3ν3G (k2,k3)
)
,
〈
Tμ1ν1 Tμ2ν2 Tμ3ν3 Tμ4ν4
〉
ren(k2,k3,k4)
= 〈Tμ1ν1 Tμ2ν2 Tμ3ν3 Tμ4ν4 〉bare(k2,k3,k4)
− 1

(
βaD
μ1ν1μ2ν2μ3ν3μ4ν4
F (k2,k3,k4)
+ βbDμ1ν1μ2ν2μ3ν3μ4ν4G (k2,k3,k4)
)
. (44)
From these relations and from (38), (39) it is clear that coun-
terterms must be related by the same general covariance Ward
identities which relate the bare correlators. One can also separately
check these identities for the F - and G-counterterms just by writ-
ing them down and equating the coeﬃcients of βa and βb . We
omit the explicit forms of the counterterms, which are necessary
in order to test all these constraints, that we have checked for con-
sistency.5.1. Anomalous trace identities
Anomalous Ward identities for the Green functions at hand are
obtained through the functional differentiation of (9), passing to
the ﬂat space limit and using the deﬁnition (13). A complex com-
putation gives
δμ1ν1
〈
Tμ1ν1 Tμ2ν2
〉
(k2)
= 2[√gA]μ2ν2(k2) = 2[R]μ2ν2(k2), (45)
δμ1ν1
〈
Tμ1ν1 Tμ2ν2 Tμ3ν3
〉
(k2,k3)
= 4[√gA]μ2ν2μ3ν3(k2,k3) − 2
〈
Tμ2ν2 Tμ3ν3
〉
(k2)
− 2〈Tμ2ν2 Tμ3ν3 〉(k3)
= 4
[
βa
(
[F ]μ3ν3μ2ν2(k2,k3) − 2
3
[√gR]μ3ν3μ2ν2(k2,k3)
)
+ βb[G]μ3ν3μ2ν2(k2,k3)
]
− 2〈Tμ2ν2 Tμ3ν3 〉(k2)
− 2〈Tμ2ν2 Tμ3ν3 〉(k3), (46)
δμ1ν1
〈
Tμ1ν1 Tμ2ν2 Tμ3ν3 Tμ4ν4
〉
(k2,k3,k4)
= 8[√gA]μ2ν2μ3ν3μ4ν4(k2,k3,k4)
− 2〈Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k2,k3)
− 2〈Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k2,k4)
− 2〈Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k3,k4)
= 8
[
βa
(
[√gF ]μ2ν2μ3ν3μ4ν4(k2,k3,k4)
− 2
3
[√gR]μ2ν2μ3ν3μ4ν4(k2,k3,k4)
)
+ βb[√gG]μ2ν2μ3ν3μ4ν4(k2,k3,k4)
]
− 2〈Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k2,k3)
− 2〈Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k2,k4)
− 2〈Tμ2ν2 Tμ3ν3 Tμ4ν4 〉(k3,k4). (47)
The explicit expressions of the multiple functional derivatives of
the various operators in square bracket ([ ]) are very lengthy and
we omit them.
At this stage we can extract from (47) four trace identities (one
for each graviton) for the counterterms of the 4-point functions
(42) and (43), relating them to their corresponding 2- and 3-
point ones. All these counterterms have been independently tested
through general covariance Ward identities. This approach allows
to check also the structure of the anomaly contributions to the 4-
point function, and in fact it is used to deduce the form of the
quartic dilaton interactions. The identity is
δdμ1ν1D
μ1ν1μ2ν2μ3ν3μ4ν4
F (k2,k3,k4)
= −
2
(
[√gF ]μ2ν2μ3ν3μ4ν4(k2,k3,k4)
− 2
3
[√gR]μ2ν2μ3ν3μ4ν4(k2,k3,k4)
)
− 2Dμ2ν2μ3ν3μ4ν4F (k3,k4) − 2Dμ2ν2μ3ν3μ4ν4F (k2,k4)
− 2Dμ2ν2μ3ν3μ4ν4(k2,k3),F
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μ1ν1μ2ν2μ3ν3μ4ν4
F (k2,k3,k4)
= −
2
[√gG]μ2ν2μ3ν3μ4ν4(k2,k3,k4)
− 2Dμ2ν2μ3ν3μ4ν4G (k3,k4) − 2Dμ2ν2μ3ν3μ4ν4G (k2,k4)
− 2Dμ2ν2μ3ν3μ4ν4G (k2,k3), (48)
where the superscript d is there to indicate that the trace has to
be taken in d = 4−  dimensions.
5.2. Three and four dilaton interactions from the trace anomaly
From (45)–(47) and from the knowledge of the trace anomalies
therein, that we have explicitly computed, one can get the form of
the off-shell 3- and 4-dilaton (ρ) interactions, which are found to
be
Vφρρρ
= − 1
Λ3ρ
3(k42 + k43) + 6k2 · k3(k22 + k23) + 4(k2 · k3)2 + 5k22k23
360π2
,
Vψρρρ
= − 1
Λ3ρ
×18(k
4
2 + k43) + 36k2 · k3(k22 + k23) + 29(k2 · k3)2 + 25k22k23
360π2
,
V Aρρρ
= − 1
Λ3ρ
18(k42 + k43) + 36k2 · k3(k22 + k23) + 49(k2 · k3)2 + 5k22k23
180π2
(49)
in agreement with the result given in [6] and the new quartic dila-
ton interactions
Vφρρρρ = − 1
Λ4ρ
1
60π2
[
3
((
k22
)2 + (k23)2 + (k24)2)
+ 6(k24k4 · (k2 + k3) + k23k3 · (k2 + k4)
+ k22k2 · (k3 + k4)
)
+ 4((k2 · k4)2 + (k2 · k3)2 + (k3 · k4)2)
+ 6(k2 · k3k2 · k4 + k3 · k2k3 · k4 + k4 · k2k4 · k3)
+ 5(k22k23 + k23k24 + k22k24)
+ 5(k22k3 · k4 + k23k2 · k4 + k24k2 · k3)],
Vψρρρρ = − 1
Λ4ρ
1
120π2
[
36
((
k22
)2 + (k23)2 + (k24)2)
+ 72(k24k4 · (k2 + k3) + k23k3 · (k2 + k4)
+ k22k2 · (k3 + k4)
)
+ 58((k2 · k4)2 + (k2 · k3)2 + (k3 · k4)2)
+ 82(k2 · k3k2 · k4 + k3 · k2k3 · k4 + k4 · k2k4 · k3)
+ 50(k22k23 + k23k24 + k22k24)
+ 55(k22k3 · k4 + k23k2 · k4 + k24k2 · k3)],
V Aρρρρ = −
1
Λ4ρ
1
60π2
[
36
((
k22
)2 + (k23)2 + (k24)2)
+ 72(k24k4 · (k2 + k3) + k23k3 · (k2 + k4)
+ k22k2 · (k3 + k4)
)+ 98((k2 · k4)2 + (k2 · k3)2 + (k3 · k4)2)
+ 122(k2 · k3k2 · k4 + k3 · k2k3 · k4 + k4 · k2k4 · k3)
+ 10(k22k23 + k23k24 + k22k24)
+ 35(k22k3 · k4 + k23k2 · k4 + k24k2 · k3)]. (50)
Both the cubic and the quartic terms, in the nearly conformal limit,
can be easily modiﬁed to account for all the contributions gener-
ated in the case of Standard Model in the form
Vρρρ/ρρρρ =
∑
i=A,ψ,φ
NiV
i
ρρρ/ρρρρ (51)
where NA = 8 + 3 + 1 = 12 is the number of gauge ﬁelds, Nψ =
3× 6+ 3+ 3/2 = 45/2 is the number of Dirac fermions, where the
factor 1/2 is due to the fermion chirality, and Nφ = 4 counts the
real scalars of the Higgs doublet. These corrections, as we have al-
ready remarked, are typical of the dilaton interactions and can be
derived without any explicit diagrammatic computation. They pro-
vide the starting ground for an analysis — up to an arbitrarily high
order — of the dilaton effective action, and characterize the terms
which allow to differentiate between the Higgs and the dilaton at
the radiative level.
6. Conclusions
The analysis of dilaton interactions and of their role in the
context of the electroweak symmetry breaking is particularly in-
teresting at phenomenological level, especially since, at this time,
there is not yet a complete understanding of the properties of the
126 GeV scalar resonance in the diphoton channel, recently de-
tected at the LHC by ATLAS and CMS. In fact, the Standard Model,
in the limit in which we drop the Higgs mass, is conformally in-
variant at high energy, with a breaking of scale invariance, in this
limit, which is related only to the trace anomaly, because of renor-
malization. The anomalous coupling of the dilaton is responsible
for setting a remarkable difference between this state and the
Higgs, a property which remains valid — with no distinction —
even if the dilaton is assumed to be a fundamental or a composite
scalar or a graviscalar. We have shown that the anomalous correc-
tions at any order to the dilaton effective action, in the conformal
limit, can be extracted from a general (and model independent)
analysis of the Ward identities, with no further input. We have il-
lustrated the approach up to the quartic order.
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